In this article we look into characterizing primitive groups in the following way. Given a primitive group we single out a subset of its generators such that these generators alone (the so-called primitive generators) imply the group is primitive. The remaining generators ensure transitivity or comply with specific features of the group. We show that, other than the symmetric and alternating groups, there are infinitely many primitive groups with one primitive generator each. These primitive groups are certain Mathieu groups, certain projective general and projective special linear groups, and certain subgroups of some affine special linear groups.
Introduction
We recall the basic facts and definitions concerning primitive groups in order to develop the notation. For further information we refer the reader to [7] and [4] . Let be an integer greater than one and consider the symmetric group on letters, Σ , acting on the set Ω = {1 2 }. We let A stand for the alternating group. Subgroups G of Σ are called permutation groups. A permutation group is said to be transitive if for any distinct ∈ {1 2 }, there is a γ ∈ G such that = γ( ). Our notation for G being a transitive subgroup of Σ is G ≤ Σ Given a permutation group G, a set B ⊂ Ω is said to be a block for G if for any γ ∈ G, either γB = B or γB ∩ B = ∅. A transitive permutation group G is called primitive if its blocks are the trivial ones i.e., ∅, singletons, or Ω ; otherwise G is called imprimitive. Furthermore, for a transitive permutation group, G, the size of a block B, other than the empty set, divides , the number of letters being permuted; the action of G on B gives rise to a decomposition of Ω into blocks, the "translates" of B, which is called the system of blocks generated by B ( [7] , [4] ).
In this article, we address the following situation. Given a transitive group, we look into the possibility of singling out a subset of this group such that the elements of this subset alone imply this group is primitive. Specifically, we want to find a minimal subset, P, of a set of generators, such that for a general candidate for a non-trivial block, A, the condition γA = A or γA ∩ A = ∅ breaks down for elements γ ∈ P , the subgroup generated by P. We call the elements of P, primitive generators, and the elements of P , primitive permutations. In references [10] or [9] , efforts are directed towards characterizing minimal sets of permutations which generate the symmetric or alternating groups, given that the group under study is primitive. Here we look into the possibility of constructing a set of generators for a primitive group, with a distinguished minimal subset, P, of primitive generators. We proceed in two steps. In the first step, the primitive generators are constructed. In the second step, generators are added to the primitive generators in order to ensure transitivity or to comply with specific features of the group. More specifically, in this article, we consider an infinite class of permutations with the following property. Each element of this class becomes a primitive generator in any transitive permutation group it may belong to. In particular, the P sets here are singletons, in the notation above. Furthermore, for infinitely many primitive groups, we obtain presentations of this form i.e., with one primitive generator plus extra generators to ensure transitivity and to comply with specific features of the group. Besides the symmetric and alternating groups, these primitive groups are the Mathieu groups M 11 , M 12 and M 24 ; the groups PSL(2 ) and PGL(2 ), for odd prime ; and certain subgroups of ASL( 2), with + 1 = 2 , where is an odd prime. Each primitive generator we will be considering here is a permutation α of Σ . The relationship between partitions of and α will be important below. We thus now elaborate on partitions and permutations. We henceforth use the term partition of to mean a finite number of positive integers whose sum is . Notation: [ 1 2 ], when it is clear which integer is being partitioned. Each of the 's is called a part of the partition [ 1 2 ]. Consider then a partition of , [ 1 2 ], and a permutation α ∈ Σ with
where, for = 1 2 , the ( 1 ) are disjoint cycles and
We will let S := { 1 }, for each = 1 2 . Furthermore, [ 1 2 ] will be called the partition of associated with α, with the following notation:
In the sequel we use the symbols ,
, S and P α ( ) with the meaning we have introduced above. For each primitive generator we will be considering here, the way the lengths of its disjoint cycles partition is crucial for our results. In particular, the following definitions will be instrumental for our results.
Definition 1.1.
A partition of into distinct integers, [ 1 2 ], is called a relatively prime partition of if the parts are mutually prime i.e., ( ) = 1 for each = ∈ {1 2 }.
Definition 1.2.
A partition of into distinct integers, [ 1 2 ], is called an -partition of if there is a factorization = with integers 1 < < , along with a partition of , say [ 1 2 ], with integer 1 < < , such that, possibly after relabeling the parts,
where L = =1 , for = 1 2 .
Roughly speaking, an -partition of an integer is a partition such that is a non-trivial divisor of and we can gather the rearranged parts in sums adding up to . Example: = 10, 1 = 2 2 = 5 3 = 3; = 5.
Definition 1.3.
A partition of into distinct integers, [ 1 2 ], is called a special -partition of if the following holds. After relabeling, is the largest part and there is a common factor of and (1 < < ). There is, also, a partition of − 1, say [ 1 2 ], with integer 1 < < − 1, such that,
Roughly speaking, in a special -partition the largest is divisible by a factor, , which also factors . Moreover, the remaining parts can be rearranged such that we can gather the rearranged parts in sums adding up to . Example:
= 15, 1 = 2 2 = 3 3 = 10; = 5. Here is a more elaborate example which is also a relatively prime partition: = 3 · 37 + 37 + 37
The main result in this work is the statement that a permutation α ∈ Σ with P α ( ) a relatively prime partition which is not an -partition nor a special -partition, constitutes the minimal set of primitive generators of a primitive group. Moreover, there is an infinite class of such groups other than the symmetric groups and the alternating groups. Specifically, Theorem 1.1.
and let the decomposition of α into disjoint cycles be:
Furthermore, in the notation above,
If • = 2 and P α ( ) is a relatively prime partition; or • ≥ 3 and P α ( ) is a relatively prime partition which is not an -partition, nor a special -partition,
then G is primitive.
Corollary 1.1.
• For ≥ 3, G is either Σ or A .
• For = 2
There are infinitely many primitive groups (other than the symmetric and alternating groups) each one with a one-element set of primitive generators. Letting α denote this primitive generator,
The Theorem 1.1 and the Corollaries 1.1, 1.2 will be proved in Section 3 (the = 2 instance of the Theorem 1.1) and Section 5. Moreover, it will be shown below that, if P α ( ) is a relatively prime (special) -partition of associated with α(∈ G), the transitive group G at issue may be either primitive or imprimitive. On the other hand, when = 2, there are no relatively prime (special) -partitions of = 1 + 2 .
As a matter of fact, it was a special case of the = 2 situation, presented as an example in the PhD thesis of Natalia Bedoya ([3] ), that prompted us into writing this article. In her PhD thesis, she shows that any transitive subgroup G of Σ containing a permutation α = (1 2 − 1)( ) (i.e., the = 2, P α ( ) = [1 − 1] situation, here) is primitive. Bedoya does so by observing that any proper subset, A ⊂ Ω containing at least two elements, one of which is , is such that αA = A and αA ∩ A = ∅. Bedoya's interest in primitive groups has to do with a theorem of hers in the thesis, stating that branched coverings of surfaces, surjective at the level of the fundamental groups, are indecomposable if and only if the associated permutation groups are primitive. In this respect, it is relevant to be able to construct primitive and imprimitive groups. This article is organized as follows. In Section 2 we state and prove a Fundamental Lemma. This allows us to settle the = 2 instance of the Theorem 1.1 in Section 3. In Section 4 we present examples illustrating the relevance ofpartitions and special -partitions which are also relatively prime partitions. In Section 5 we prove the ≥ 3 instance of the Theorem 1.1 and the Corollaries 1.1, 1.2. In Section 6 we suggest directions for further research.
The Fundamental Lemma
In this Section we prove the Fundamental Lemma. This lemma concerns a permutation α in a transitive subgroup G of Σ . We recall that the S 's are the sets of elements moved by the disjoint cycles α splits into. Roughly speaking, the Fundamental Lemma states that if a proper subset A ⊂ Ω overlaps two of the S 's whose lengths are relatively prime and without properly containing one of them, then A cannot be a block. In subsequent Sections we will see that the combinatorics of the partitions of under study imply that candidates for non-trivial blocks will satisfy the hypothesis of the Fundamental Lemma in a number of situations. Applying the Fundamental Lemma will then allow us to disregard these situations. Proof. Let A be a subset of Ω as in the statement. Pick ∈ S ∩ A and ∈ S ∩ A. Then,
Lemma 2.1 (Fundamental Lemma).
( ) = for any ∈ S and in particular for = .
Since, by hypothesis, ( ) = 1, then
generates the cyclic group
Consequently, there is an integer such that
In this way, the permutation α belongs to G and is such that there are distinct elements and in A such that
Therefore, A is not a block for G.
3. Application: the = 2 instance of the Theorem 1.1
We start this Section with the following observation.
Lemma 3.1. which conflicts with ( 1 2 ) = 1.
Therefore, given any relatively prime partition [ 1 2 ] of , any factor of is relatively prime to the parts 1 and 2 . In particular, if Ω is partitioned by proper subsets of equal size | , then 1 and 2 . Consequently, one of these sets will intersect both { 
The relevance of -partitions and special -partitions
The purpose of Example 4.1 below is to illustrate that a permutation α whose associated partition is a relatively prime partition which is also an -partition, can give rise both to primitive and to imprimitive groups containing it.
Example 4.1.
We consider a permutation α whose associated partition is a relatively prime partition which is also an -partition: α = (1 2)(3 4 5)(6 7 8 9 10) ∈ Σ 10 For any transitive subgroup of Σ 10 containing this permutation, the only admissible non-trivial blocks are
since the only non-trivial divisors of 10 are 2 and 5 and since blocks of size 2 would not cover completely the sets {3 4 5} or {6 7 8 9 10}, therefore conflicting with the Fundamental Lemma 2.1. Furthermore, any other choice of sets A 1 and A 2 of size 5 would conflict with the Fundamental Lemma. Consider then
This is a primitive group since the permutation (2 3)(5 6) fixes 4 and moves 5 to 6. Using [8] we find its order is 10!. Hence, this group is Σ 10 . Alternatively, using remarks 1. and 2. in the proof of Corollary 1.1 (see below), we arrive at the same conclusion. Consider now
)(2 7)(3 8)(4 9)(5 10) ≤ Σ 10
It is easy to see that α and (1 6)(2 7)(3 8)(4 9)(5 10) act on the sets A 1 and A 2 by fixing them or permuting them. Since any element in G is the composition of these elements and/or their inverses, the same is true for any element of G. Thus, {A 1 A 2 } is a system of non-trivial blocks for the group G 2 . G 2 is then imprimitive.
Analogously, the purpose of Example 4.2 below is to illustrate that a permutation α whose associated partition is a relatively prime partition which is also a special -partition can give rise to both primitive and imprimitive groups containing it.
Example 4.2.
In the notation above, Consider then the groups Analogously, begin with a non-trivial block A which overlaps two distinct S 's. Assume further that one of its translates is contained in one S 0 . Then no other translate of A is contained in an S other than S 0 , for otherwise, ( 0 ) = 1. In this way, given a non-trivial block A for G, some of its translates may partition one S 0 while each of the remaining translates overlaps at least two distinct S 's and does not overlap S 0 . Let us now analyze these translates which overlap two distinct S 's. Suppose there is a translate of the non-trivial block A, call it A , with two = such that ∅ = S \ A S and A ∩ S = ∅. Then the Fundamental Lemma 2.1 implies A cannot be a block therefore concluding the proof in this case. There is, then, no translate of A, including A itself, satisfying the hypothesis of the Fundamental Lemma. So, 1. either the blocks generated by the non-trivial block A are such that each is the union of a number of S 's, distinct S 's for distinct blocks;
2. or some of the blocks generated by A partition an S 0 , and each of the remaining blocks equal the union of distinct S 's, distinct S 's for distinct blocks. In particular, this implies that 0 is the largest of the 's. Otherwise, either a translate of A would be contained in another S 0 or it would overlap distinct S 's without containing them. These situations have already been discarded.
The first case implies the partition [ 1 ] is an -partition and the second case implies [ 1 ] is a special -partition. In each case there is a conflict with the hypothesis. The proof is complete.
Proof of Corollary 1.1. We start by listing some facts in order to prove the statement of Corollary 1.1.
1. If ∈ P α ( ), then there is a cycle of length in G. This is true because P α ( ) is a relatively prime partition; thus raising α to the products of the lengths of all its cycles except the one of length , yields a cycle of length .
2. If a primitive group contains a 2-cycle it is a symmetric group; if it contains a 3-cycle it is either an alternating group or a symmetric group ( [9] ).
3. A -transitive group is a group of permutations such that whenever two -tuples of distinct letters are fixed, there is a permutation in the group that maps one -tuple to the other, coordinatewise. A primitive group of permutations on letters containing an -cycle with 1 < < is ( − + 1)-transitive. This is a theorem of Marggraf; see [11] on page 38.
4. The 6-and higher transitive groups are the symmetric and alternating groups ( [7] , [4] ).
In this way, if we find a part in P α ( ) such that = 2 or 3, or with − ≥ 5 then the proof is complete. We now look into the different possibilities.
with > 1. For the latter,
• If = 2 or = 3, ditto.
• For = 4, has to be odd for otherwise the two parts of the partition would not be relatively prime. If = 5, this is an instance of the P α ( ) = [1 − 1] situation. If = 7, then − = 3, which means the second part gives rise to a 3-cycle. If ≥ 9, then − 4 ≥ 5.
• If ≥ 5, then either we have an instance of the P α ( ) = [1 − 1] situation, or − ∈ {2 3 5 6 7 } (in which case the proof is complete), or − = 4. In the latter case, the other part of the partition is − which satisfies − ( − ) = ≥ 5.
If ≥ 3 then the smallest parts of the partition can be 1, 2 and 3 in which case the proof ends.
• If there is an = 4 then the other parts may be as small as 1 and 3; or one of them is 1 and the others greater than 4, or all the other parts are greater than 4 which implies that minus one of these is greater than or equal to 5.
• If one of the parts is ≥ 5 then the smaller parts include 2, 3 or with 3 < < . If − = 4, then − ≥ 5. The remaining situations are dealt with as above. This completes the proof.
We remark that the symmetric and alternating groups can be realized in this way i.e., with a primitive generator plus a second generator ensuring transitivity. For even ≥ 4, take α = (1)(2 3 ) and β = (1 2)(3 4) for the alternating group, A , and β = (1 2) for the symmetric group, Σ . For odd 5 ≤ = 2 + 1, > 3, take α = (1 2 − 1)( + 1 2 )(2 + 1). A 3 , A 5 and A 7 can be realized in this way provided we take for the primitive generator α = (1 2 3), α = (1 2 3 4 5), α = (1 2 3 4 5 6 7), respectively. The same primitive generators apply for Σ 3 , Σ 5 , and Σ 7 . We leave the details to the reader.
Proof of Corollary 1.2. In [12] we find the list of primitive groups of permutations on + 1 letters and containing a -cycle, for prime (other than the symmetric and alternating groups). These are • The Mathieu groups M 11 , M 12 and M 24 ;
• The subgroups G of ASL ( 2) , where G is a semidirect product of the translation group T (2 ) with a group U, with Z ≤ U ≤ SL( 2) (where + 1 = 2 );
• The groups PSL(2 ) and the groups PGL(2 ), for odd prime .
In particular, note that, for prime ≥ 7, the groups PSL(2 ) are all distinct from the symmetric and alternating groups ( [2] ). This completes the proof.
Presentations of some of the groups in Corollary 1.2 with the primitive generator α
In this Subsection we provide presentations of some of the primitive groups in Corollary 1.2 with a primitive generator α with P α ( ) = 
Final remarks
The present work is an attempt at conceiving primitive groups as being yielded by sets of generators with a particular subset consisting of the so-called primitive generators i.e., generators such that they alone imply the group is primitive. The remaining generators ensure transitivity or comply with specific features of the primitive group under study. In our examples there is only one primitive generator. This is a permutation whose associated partition is a relatively prime partition, which is neither an -partition nor a special -partition. We succeed in characterizing in this way, primitive groups other than the symmetric or the alternating groups. These are the Mathieu groups M 11 , M 12 and M 24 ; the groups PSL(2 ) and PGL(2 ), for odd prime ; and certain subgroups of ASL( 2), with + 1 = 2 , where is an odd prime. In this way, here are some questions we would like to answer. Is it always possible to identify the primitive generators of a primitive group? Do we need only one primitive generator per primitive group or certain primitive groups require more than one? Can we characterize the class of permutations which are potential primitive generators? Moreover, we would like to study further the relatively prime partitions which are -partitions or special -partitions. Also, we would like to consider other sorts of partitions like those whose parts come with multiplicity greater than one but the distinct numbers the parts take on are all mutually prime. In a different direction, we would like to study the interplay between primitive groups and indecomposability of branched coverings of surfaces as in Bedoya's [3] . In particular, what are the primitive groups here and how can we identify them. We plan to address these and other issues in future work.
